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Abstract 



The lattice vertex operator Vl associated to a positive definite even 
lattice L has an automorphism of order 2 lifted from —1 isometry of L. It 
is established that the fixed point vertex operator algebra is rational. 

(N 
> . 

^ 1 Introduction 

in 

The notion of rational vertex operator algebra is an analogue to that of semisim- 
ple Lie algebra or semisimple associative algebra. Rational vertex operator alge- 
bras whose admissible module category is semisimple form a fundamental class 
of vertex operator algebras. Familiar examples of rational vertex operator alge- 
bras include the vertex operator algebras Vl associated with even lattices [Dl], 
[DLM1], vertex operator algebras associated to the irreducible vacuum represen- 
tations for affine Kac- Moody algebras with positive levels [FZ], [DL], [LL], vertex 
operator algebras associated to the minimal series for the Virasoro algebra [W]. 

Let V be a vertex operator algebra and G a finite automorphism group of 
V, then the space of G-invariants V G is itself a vertex operator algebra. A well 
known conjecture in the orbifold conformal field theory states that if V is rational 
then V G is rational. Solving this conjecture has significant applications in the 
theory of vertex operator algebras and conformal field theory. 

Let Vl be a lattice vertex operator algebra associated with a positive definite 
even lattice L which plays an important role in shaping the theory of vertex 
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operator algebras. The vertex operator algebra Vl has an automorphism 6 of 
order 2 lifted from the —1 isometry of L and we denote the 0- fixed points of 
Vl by V£ ■ The vertex operator algebras V£ have been studied extensively The 
irreducible modules for V£ were classified in [DN2] and [AD]. The fusion rules 
among irreducible V^-modules were computed in [ADL]. The C 2 -cofiniteness of 
V^ was obtained in [Y] and [ABD]. But the rationality of V£ has only been 
established if L has rank one [A2], or L is a special lattice [DGH]. In this paper, 
we extend the rationality result to any lattice. That is, V£ is rational for any 
positive definite even lattice L. 

We prove the rationality of V£ in three steps. First, we show that the Zhu 
algebra A(V£) is a finite dimensional semisimple associative algebra. Although 
A(Vl) was studied in [DN2] and [AD] in great detail for the purpose of classifica- 
tion of irreducible modules, there is still a distance to claim the semi-simplicity. 
Second, we use the rationality of V£ in the case that L has rank one and the 
fusion rules to deal with the rationality of V£ if L has an orthogonal base. Last, 
we use the rationality of to prove the rationality of V£ for any L where L\ is 
a sublattice of L with the same rank and has an orthogonal base. The main idea 
in the proof of rationality is to prove that if there is a V^-module exact sequence 

0->M 1 ->M->M 2 ->0 

for any irreducible V^-modules M 1 and M 2 , then M is a direct sum of M 1 and 
M 2 . 

The representation theory of V£ is complete in some sense after this paper. 
But the structure theory of V£ is far from over. Determining the derivation Lie 
algebra and the automorphism group of V£ for an arbitrary positive definite even 
L remains a major problem. This has been achieved when the rank of L is one, 
two or three [DG1], [DG2], [SI], [S2], or L is a special lattice which is either 
unimodular or does not have roots [SI], [S2]. Extending these results to general 
lattice seems a big challenge. 

The paper is organized as follows: In Section 2, we recall definitions of vertex 
operator algebra, module, intertwining operator and fusion rules. We also give 
some basic facts on vertex operator algebras in this section. In Section 3, we 
present the results on vertex operator algebras M(l) + and V£ and the irreducible 
modules. Section 4 is devoted to the proof of the semi-simplicity of A{V^). We 
deal with the rationality of V£ when L has an orthogonal base in Section 5. The 
rationality of V£ for any positive definite even lattice L is given in Section 6. 

2 Preliminaries 

In this section we briefly review the definitions of twisted modules and rationality 
from [FLM], [DLM2]. We present the Zhu algebra, the tensor product and fusion 
rules from [FHL] and [Z]. We also discuss the extensions of modules following 
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[A2] and give a sufficient condition under which the extensions are trivial. This 
result will be used extensively in latter sections. 

A vertex operator algebra V is a Z-graded vector space V = © neZ V n equipped 
with a linear map Y : V — > (EndV)[[z, z' 1 }}, a h-> Y(a, z) = J2nez a nZ~ n ~ X for a G 

V such that dim V n is finite for all integer n and that V n — for sufficiently small 
n (see [FLM]). There are two distinguished vectors, the vacuum vector 1 G V and 
the Virasoro element uj G V2. By definition = idy, and the component 
operators {L(n)\n G Z} of Y(u,z) = 'Yl, n£ iL(n)z~ n ~ 2 give a representation of 
the Virasoro algebra on V with central charge c. Each homogeneous subspace 
V n (n > 0) is an eigenspace for L(0) with eigenvalue n. 

An automorphism <? of a vertex operator algebra V is a linear isomorphism of 

V satisfying g{oj) = u and gY(a, z)g~ x = Y(g(a), z) for any a G V . We denote by 
Aut(V) the group of all automorphisms of V . For a subgroup G < Aut(V), the 
fixed point set V G = {a G V \ g(a) = a, g G G } has a canonical vertex operator 
algebra structure. 

Let g be an automorphism of a vertex operator algebra V of order T. Then 

V is a direct sum of eigenspaces for g: 

T-l 

V = Q)V r , V r = {a e V \ g{a) = e'^a }. 

r=0 

Definition 2.1. A weafc g-twisted V -module M is a vector space equipped with 
a linear map 

Y M :V ^ (EndM) {2} , 

a !->■ Ym(o, 2) = ^ a n 2T n_:l , a n G EndM 

such that the following conditions hold for < r < T — 1, a & V r , b & V and 
« G M: 

(1) 6 m M = if m is sufficiently large, 

(2) Y M (a,z) = E ne z+i a n z- n ~\ 

(3) F M (1,2) = idjw, 

(4) (the twisted Jacobi identity) 

z Q l 5 (^—-- Y M (a,z 1 )Y M (b,z 2 ) - z l 5 ( ^—^ J Y M (b, z 2 )Y M (a, z ± ) 

= "* 5 {^) Y„(Y(a, zo)b, z 2 ). 

A weak (/-twisted V- module is denoted by (M, Y M ), or simply by M. In the 
case g is the identity, any weak g-twisted V- module is called a weak V -module. 
A g-twisted weak V -submodule of a (/-twisted weak module M is a subspace N 
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of M such that a n N C N hold for all a G V and n G Q. If M has no g-twisted 
weak V-submodule except and M, M is called irreducible or simple. 

Set Ym{oo,z) = Xlnez L(n)z~ n ~ 2 . Then | n G Z } give a representation 

of the Virasoro algebra on M with central charge c and the L(— l)-derivative 
property 

F M (L(-l)a, z) = ^-Y M (a, z) for all a G V (2.1) 
holds for any a£ V (see [DLM1]). 

Definition 2.2. An admissible g -twisted V -module M is a weak g-twisted V- 
module which has a ^Z> -gradation M = ne j_ z>() M(n) such that 

a m M(n) C M(wta + n - m - 1) (2.2) 
for any homogeneous a G V and m, n G Q. 

In the case g is the identity, any admissible g-twisted V^-module is called an 
admissible V -module. Any g-twisted weak V-submodule A^ of a g-twisted admis- 
sible ^-module is called a g-twisted admissible V -submodule ii N = ® n6 j_ z>0 A^fl 
M(n). 

A g-twisted admissible ^-module M is said to be irreducible if M has no non- 
trivial admissible weak V-submodule. When a g-twisted admissible ^-module 
M is a direct sum of irreducible admissible submodules, M is called completely 
reducible. 

Definition 2.3. A vertex operator algebra V is said to be g-rational if any g- 
twisted admissible V-module is completely reducible. If V is idy-rational, then 
V is called rational. 

Definition 2.4. A g-twisted V -module M = AeC M\ is a C-graded weak g- 
twisted V-module with M\ = {u G M\L(0)u = \u} such that M\ is finite 
dimensional and for fixed A G C, Mx+ n /T — for sufficiently small integer n. A 
vector w G M A is called a weight vector of weight A, and we write A = wtw. 

We next define Zhu's algebra A(V) which is an associative algebra following 
[Z]. For any homogeneous vectors a,b G V, we define 

(1 + z) wta 
a*b = Res z F(a, z)b, 



n + z ) wta 

a o b = Res z Y(a, z)b 

z 2 

and extend the two operations to V x V bilinearly. Denote by 0(V) the subspace 
of V linearly spanned by a o b, for all a,b G V and set A(V) = V/0(V). The 
following theorem is due to [Z]. 
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Theorem 2.5. (1) The bilinear operation * induces A(V) an associative algebra 
structure. The vector [1] is the identity and [u] is in the center of A(V). 

(2) Let M = 0^° =o M(n) be an admissible V -module with M(0) ^ 0. Then 
the linear map 

o : V ->■ EndM(O), a o(a)\ M (o) 

induces an algebra homomorphism from A(V) to EndM(O). Thus M(0) is a left 
A{V) -module. 

(3) The map M >-> M(0) induces a bijection between the set of equivalence 
classes of irreducible admissible V -modules and the set of equivalence classes of 
irreducible A(V) -modules . 

Now we consider the tensor product vertex algebra and the tensor product 
modules for tensor product vertex operator algebra. The tensor product of vertex 
operator algebras (V 1 , Y, 1, o; 1 ), • • • , (V p , Y, 1, u p ) is constructed on the tensor 
product vector space 

V = V 1 ® • • • ® v p 

where the vertex operator Y(-,z) is defined by 

Y"(y ® • • • <g) v p , z) = Y>\ z) ® ■ ■ ■ <g> Y(v p , z) 

for v l G V 1 (1 < % < p), the vacuum vector is 

1 = 1 <g> . . . <g> 1 

and the Virasoro element is 

CO = CO 1 <g> • • • ® H h 1 ® • • • <g> LO P . 

then (V, Y, l,a;) is a vertex operator algebra (see [FHL], [LL]). 

Let M % be an admissible ^-module for i = I,..., p. We may construct the 
tensor product admissible module M 1 £g> • • • <g> M p for the tensor product vertex 
operator algebra V 1 <E> • • • <S> V p by 

F^ 1 (8) • • • (8) «p) = F(V, <8) ... (8) F(v p , z). 

Then (M 1 ® • • • <8> M p , F) is an admissible V 1 <g> • • • ® \/ p -module. The following 
result was given in [FHL] and [DMZ]. 

Theorem 2.6. Let V 1 , • • ■ ,V P be rational vertex operator algebras, then V 1 (8> 
■ • • ®V P is rational and any irreducible V 1 <8> • • • <8> V p -module is a tensor product 
M 1 <S> • • • <S> M p , where M 1 , • • • , M p are some irreducible modules for the vertex 
operator algebras V 1 , • • • , V p , respectively. 
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Let M = rgC M(r) be a V-module. Set M' = AeC Ml, the restricted dual 
of M. It was proved in [FHL] that M' is naturally a V-module where the vertex 
operator map denoted by Y' is defined by the property 

(Y'(a,z)u',v) = {u\Y{e zL ^{-z- 2 ) L ^a,z- l )v) 



for a G V,u' G M' and v <E M. The V-module M' is called the contragredient 
module of M. It was proved that if M is irreducible , then so is M'. A V^-module 
M is said to be self dual if M and M' are isomorphic V-modules. 

We now recall the notion of intertwining operators and fusion rules from 
[FHL]. 

Definition 2.7. Let M 1 , M 2 , M 3 be weak V-modules. An intertwining operator 

( M 3 \ 
y(;z) of type [ M i M 2 j ls a linear map 

y{; z) : M 1 — >■ Hom(M 2 , M 3 ){z} 

v 1 ^ y{v\z) = XX*~ n_1 

satisfying the following conditions: 

(1) For any v 1 G M 1 ,v 2 G M 2 and A G C,i>i +A i> 2 = /or n G Z sufficiently 
large. 

(2) For any a eV,v l G M 1 , 

1<J (— — — )yjf3(a, ^i)^^ 1 , 22) - So" 1 ^ — — —)y(v l , z 2 )Y M 2(a, z-y) 

= z 2 1 5(— — —)y(Y M i(a,z )v\z 2 ). 

Z 2 

(3) Forv 1 G M 1 , -^y(v\z) = y(L(-l)v\z). 

dz 

( M 3 \ 

All of the intertwining operators of type I ^ ^ 2 J form a vector space 

f M 3 \ ( M 3 \ 

denoted by I v [ ^1 ^ 2 J ■ The dimension of I v ( ^\ ^ 2 ) i s called the 

M 3 



fusion rule of type \y M i M 2 j for V. 

We now have the following result which was essentially proved in [ADL]. 

Theorem 2.8. Let V 1 ,V 2 be rational vertex operator algebras. Let M 1 ,M 2 ,M 3 
be V 1 -modules and N 1 ,N 2 ,N 3 be V 2 -modules such that 

( M 3 \ ( N 3 \ 

diml v i ( M i M 2 J < 00, dimI V 2 \ N i N 2 I < 00. 



Then the linear map 



a : I v i 



M 3 
M 1 M 2 



) 



( 



AT 3 
N 1 N 2 



) 



— ^ Iv l ®v 2 



M 3 <g) A 3 
M 1 &N 1 M 2 ® N 2 



) 



yi(;z)®y 2 (-,z) ^ (y 1 ®y 2 )(-,z) 



is an isomorphism, where (y 1 ® 3^2)(' ) - 2 ) «s defined by 



(3>i ® y 2 )(-, ^)<y <g> u 1 , 2)m 2 ® = y t ( u \ z)u 2 ® y 2 (v\ Z)V 2 . 



Now let M 1 , M 2 be weak V^-modules, we call a weak ^-module M an extension 
of M 2 by M l if there is a short exact sequence 



Then we could define the equivalence of two extensions, and then define the 
extension group Exty(M 2 , M 1 ). Recall that V is called C 2 -cofinite if the subspace 
C 2 (V) of V spanned by u_ 2 v for u,v G V has finite codimension. We have the 
following facts [Al]. 

Theorem 2.9. Let M and N be irreducible V-modules, then Exty(N, M) = if 
and only if Ext v (M', N') = 0. 

Theorem 2.10. Let V be a C2-cofinite vertex operator algebra, then V is rational 
if and only if Ext v (N, M) = for any pair of irreducible V-modules M and N. 

The following result will be extensively used in Sections 5 and 6. 

Lemma 2.11. Let V be a vertex operator algebra and U a rational vertex operator 
subalgebra of V with the same Virasoro element. Let M 1 ,M 2 be irreducible V- 
modules. Assume that 



for any irreducible U-submodules A 1 , A, A 2 of M 1 ,^, M 2 , respectively. Then 
Ext l v (M 2 ,M l ) = 0. 

Proof: Let M be an extension of M 2 by M 1 . Then M = M 1 © M 2 as [/-modules 
as U is rational. Let A 1 , A, A 2 be any irreducible ?7-submodules of M 1 ,V,M 2 , 
respectively. Then P N iY(u, z)\n2 for m e iV is an intertwining operator of type 
( N 1 \ 

Iu I ^ J where Pjyi is the projection from M to Aq. From the assumption, 

P N iY(u, z)\ N 2 = 0. Since A 1 , A, N 2 are arbitrary, we see that u n M 2 C M 2 for 
any u G V and n G Z. As a result, M 2 is a V-module and Ext l v (M 2 , M 1 ) = 0. 
The proof is complete. □ 



— > M 1 — > M — >■ M 2 — >■ 0. 
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3 Vertex operator algebras M(l) + and V£ 

In this section we recall vertex operator algebras M(l) + and [FLM] and 
related results [DN1], [DN2], [DN3], [Al], [A2], [AD], [ADL]. In particular, the 
irreducible modules, fusions and contragredient modules of irreducible modules 
for are discussed. 

Let L be a positive definite even lattice in the sense that L has a symmetric 
positive definite Z-valued Z-bilinear form (•, •) such that (a, a) G 2Z for any 
a G L. We set f) = C ©z L and extend (• , •) to a C-bilinear form on f). Let 
[) = C[t,t _1 ] © () © CC be the aflinization of commutative Lie algebra f) defined 
by 

[Pi © t m , p 2 © t n ] = m(f3 1 , f3 2 )5 m> . n C and [C, (j] = 

for any fa G f), m, n G Z. Then f)-° = C[t]©()ffiCC is a commutative subalgebra. 
For any A G f), we can define a one dimensional f)-°-module Ce A by the actions 
p{h®t m )e x = (A, /i)5 m ,oe A and p(C)e A = e A for /i G t) and m > 0. Now we denote 
by 

M(l, A) = U{\)) ©^> 0) Ce A S^qr 1 ]), 

the ^-module induced from f)-°-module Ce A . Set M(l) = M(1,0). Then there 
exists a linear map F : M(l) ->■ (EndM(l, A)[[z, z -1 ]] such that (M(l), F, 1, u) 
has a simple vertex operator algebra structure and (M(1,A),F) becomes an ir- 
reducible M(l)-module for any A G f) (see [FLM]). The vacuum vector and the 
Virasoro element are given by 1 = e° and oj = \ Ylt=i h a {— 1) 2 1 respectively, 
where {h a } is an orthonormal basis of f). 

Let L be the canonical central extension of L by (k) = (k\k 2 = 1) : 

1->(/c)->L^L->1 

with the commutator map c(a, (5) = k^'^ for a, (3 G L. Let e : L — y L be a 
section such that e = 1 and e : L x L — y (k) the corresponding 2-cocycle. We 
may assume that e is bimultiplicative. Then e(a, (3)e((3, a) = K^ a ^\ 

e(a, p)e(a + p, 7) = e(/3, 7)(a, p + 7), 

and e^e^ = e(a, /3)e a+j g for a,P,j G L. Let denote the automorphism of L 
defined by 0(e a ) = e_ a and = k. Set A' = {a~ 1 0(a)\a G L}. Note that if 
(a, P) G 2Z for all a, /3 G L then the L = L x (k) is a direct product of abelian 
groups. In this case we can and do choose e(a, (3) = 1 for all a, p G L. 
The lattice vertex operator algebra associated to L is given by 

V L = M(1)®C £ [L], 
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where C e [L] is the twisted group algebra of L with a basis e a for a E L and is an 
L-module such that e a e^ = e(a, /3)e a+l3 . Note that if (a, (5) E 2Z for all a, /3 E L 
then C e [L] = C[L] is the usual group algebra. 

Recall that L° = { A E f) | (a, A) G Z } is the dual lattice of L. There is an 
L-module structure on C[L°] = AeL<1 Ce A such that k acts as —1 (see [DL]). 
Let L° = U i€ L°/L(L + Aj) be the coset decomposition such that (Aj, Aj) is minimal 
among all (A, A) for A G L+Aj. In particular, A = 0. Set C[L+Aj] = aeL Ce Q+A \ 
Then C[L°] = ieL o /L C[L + Aj] and each C[L + Aj] is an L-submodule of C[L°]. 
The action of L on C[L + Aj] is as follows: 

e y+*i = e (a, /3)e a+/3+Al 

for a, (3 E L. On the surface, the module structure on each C[L + Aj] depends 
on the choice of A, in L + Aj. It is easy to prove that different choices of Aj give 
isomorphic L-modules. 

Set C[M] = AeM Ce A for a subset M of L°, and define V M = M(l) <g> C[M]. 
Then Vj, is a rational vertex operator algebra and Vl+a* fo r « £ are the 

irreducible modules for V L (see [B], [FLM], [Dl], [DLMlj). 

Define a linear isomorphism 6 : Vl+a^ — > Vl-a* for « G by 

0(A(-ni)&(-n2) • • • /3 fe (-n fc )e a+A = (_l) fc /3 1 (-n 1 )/3 2 (-n 2 ) • • • /3 fc (-n fc )e^ 
for /3j G h, rij > 1 and a G L if 2Aj G" and 

0(/3i(-ni)/3 2 (-n2) • • • f3 k (-n k )e a+x >) 

= (-l) fe c 2Ai e(a,2A l )/3 1 (-n 1 )/3 2 (-n 2 ) • • • (5 k {-n k )e~ a -^ 

if 2Aj G L where c 2Ai is a square root of e(2Aj,2Aj). Then defines a linear 
isomorphism from Vl° to itself such that 

6Y(u,z)v = Y(6u,z)6v 

for u eVl and v E Vl° • In particular, 6 is an automorphism of Vl which induces 
an automorphism of M(l). 

For any ^-stable subspace U of Vl°, let be the ±l-eigenspace of U for 0. 
Then V£ is a simple vertex operator algebra. 

Also recall the twisted Heisenberg algebra h[— 1] and its irreducible module 
M(l)(6) from [FLM]. Let x be a central character of L/K such that x{ K ) = 
— 1 and T x the irreducible L/ K-module with central character \- Note that if 
(a,/3) E 2Z for all a, f3 E L then L/K = L/K x (k) and each T x is, in fact, an 
L/2L-module. In particular, T x is one-dimensional. In this case, let j3i, • • • , (3d 
be a basis of L, then T x = T Xl ® • • • <g) T Xd where each T Xj is an irreducible 
Z/3j/2Z/3j-module such that ep i acts as x( e ft)- This fact will be used later. 
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It is well known that V L X = M(1)(0) <g> T x is an irreducible 0-twisted Vl- 
module (see [FLM], [D2]). We define actions of on M(1)(0) and vf* by 

0(/3 1 (-n 1 )/3 2 (-n 2 ) • • • &(-ra fc )) = (-l) fe A(-m)^(-n 2 ) • • • &(-n fc ) 

0(/3i(-n!)/3 2 (-n 2 ) • • • (3 k (-n k )t) = (-l) h f3 1 (-n 1 ) f3 2 (-n 2 ) ■ ■ ■ f3 k (-n k )t 

for f3i G f), rij G | + Z+ and t G T x . We denote the ±l-eigenspace of M(1)(0) 

and V L X under by M(1)(0) ± and (V L X ) ± respectively. We have the following 
results proved in [DN1], [DN3] and [AD]: 

Theorem 3.1. Any irreducible module for the vertex operator algebra M(l) + is 
isomorphic to one of the following modules: 

M(l) + , M(l)- M(l, A) = M(l, -A) (0 ^ A G h), M(1)(0) + , M(1)(0)-. 

Theorem 3.2. Let {Xj} be the set of representatives of L° / L, then any irreducible 
V£ -module is isomorphic to one of the following modules: 

V±, V X]+L {2\ 3 i L), V± +L (2\j G L), (if x ) ± 

Now we consider some decompositions of the modules for the vertex operator 
algebras M(l) + and V^. We denote Mj,(l) for the vertex operator algebra M(l) 
associated with h and similarly for the modules. It is clear that if h' is a subspace 
of h such that the restriction of the bilinear form on h to h' is non-degenerate, then 
My is a simple vertex operator subalgebra of . Furthermore, if f) = hi @ f) 2 
such that (hi, h 2 ) = 0, then the modules in Theorem 3.1 viewed as <g> M^- 
modules can be decomposed as follows: 

M+ = (M+ ® M+) 0(M- ® M-), 

M 6 " = (M+ ® M 6 ") 0(M 6 " ® M+), 
M,j(l,A)^M bl (l,Ai)(8)M b2 (l,A 2 ), 
M,(1)(0)+ = (M 6l (l)(0)+ ® M, 2 (1)(0) + ) 0(M ()1 (1)(0)- ® M„ 2 (1)(0)-), 

M ( ,(1)(0)- = (M hl (l)(0)+ ® M 6a (l)(0)-) 0(M ()1 (1)(0)- ® M^ 2 (1)(0) + ). 

Let L = Za be a positive definite even lattice of rank one. Then all irreducible 
V^-modules are decomposed into direct sums of irreducible M(l) + -modules as 
follows (cf. [DG1] and [Al]) 

00 

V^ ± = M(l) ± 0M(l,ma), 

m=l 
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VA+L = 0M(l,A + ma), 



Vf +L = 0M(l,^ + ma), 



2 

(V^ i ) ± -M(l)(^) ± , * = 1,2 



m=0 



where Tj is the one dimensional L / K-modnle T x with x( e a) — ±1 respectively. 
We also have the following result given in [Y] and [ABD]. 

Theorem 3.3. V£ is C2-cofinite. 

The following results were obtained in [A2]. 

Theorem 3.4. The vertex operator algebra V£ is rational, if L is a positive 
definite even lattice of rank one. 

Proposition 3.5. Let L be a positive definite even lattice such that V£ is C<i- 
cofinite and A{V£) is semisimple. Let M 1 ,M 2 be irreducible V£ -modules. If the 
difference of the lowest weight of M l and M 2 is not a nonzero integer, then 

Exti+iM 2 , M 1 ) = 0. 



L 



Remark 3.6. In the next section, we will prove that for a positive definite even 
lattice L, the Zhu's algebra A{V^) is semisimple. Thus Proposition 3.5 is true 
for any positive definite even lattice. 

We now consider the fusion rules for the vertex operator algebra V£ '. For 
any A G L° and a central character x of L/K , let x^ De the central character 
defined by x (x) (a) = (-l)^ X (a)- We set T^ A) = T xW . We call a triple (A,/i, v) 
for A, /i, v G L° an admissible triple modulo L, if p\ + q/i + ru G L for some 
p,q,re {±1}. 

The following result on part of fusion rules for the vertex operator algebra 
when L is of rank one comes from [Al]. This result will be used in Section 5 to 
deal with the rationality of when L has an orthogonal base. 

Theorem 3.7. Let L = Za be a positive definite even lattice and L°/L = 
{Ao, Ai, A2, • • • , Afc} such that \ = and A& = a/2. Let W\ i = 1, 2, 3 be ir- 
reducible V£ -modules. Then 

( W 3 \ 

(1) the fusion rule of type I ^ 1 ^ 2 J is either or 1. 

( W 3 \ 

(2) the fusion rule of type I ^ 2 J ^ s non-zero if and only if W' l {i = 

1, 2, 3) satisfy one of the following cases: 
(i) W 1 = V+ and W 2 W 3 . 
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(ii) W 1 = V L and the pair (W 2 , W 3 ) is one of the following pairs 

(v?,v?), (v± /2+L ,v* 2+L ), (V?*V?*), (V?*V?*), (V M ,V Xi+L ), 

for i — 1, 2, • • • , k — 1. 

The fusion rules for V£ for any L was obtained in [ADL] and will be exploited 
in Section 6. Recall the number 7Ta, m for A, /i G L° from [ADL]. 

Theorem 3.8. Let L be a positive definite even lattice , for any irreducible V^- 

( M 3 \ 

modules M % (i = 1,2,3), the fusion rule of type I ^ ^ 2 J either or 1. 

( M 3 \ 

Furthermore, the fusion rule of type I ^ ^ 2 J with M 1 being one of V x +l 

for (2A £ L) , V x + +L for (2A G L) , V^ +L for (2A G L) is 1 if and only if M i 
(i = 1,2,3) satisfy one of the following conditions: 

(1) M 1 = V x+ L for A G L° such that 2\ L and M 2 , M 3 is one of the following 
pairs: 

(Vfi+L, Vu+l) for fj,,v G L° such that 2//, 2u ^ L and (A, //, v) is an admissible 
triple modulo L. 

(V± +L ,V u+L ),{(V u+L )',(V± +L y) for n,v G L° such that 2fi G L, 2v £ L and 
(A,/i, v) is an admissible triple modulo L. 

rp _j_ rp(X) _|_ rp _|_ rp(X) ^ 

(V L X ' ,V L X ' ),(V L X ' ,V L X ' ) for any irreducible L/K -module T x . 

(2) M 1 = Vx+l f° r ^ e L ° such that 2A G L and M 2 , M 3 is one of the following 
pairs: 

(Vh+l,Vv+l) for fi,u G L° such that 2fi,2u ^ L and (A,/i, v) is an admissible 
triple modulo L. 

(Yp+Li Vv+l) f or E L° such that 2/j,, 2v G L, = 1 and (A, /i, v) is an 
admissible triple modulo L. 

(V^_ L , V^ +L ) for G L° such that 2/x, 2v G L, ttx,2^ = — 1 and (A, fi, v) is an 
admissible triple modulo L. 

rp _j_ rp(^) _j_ rp(^) _j_ rp j 

(V L X ' ,V L X ' ),((V L X ' )', (V L X ' )') for any irreducible L / K -module T x such 
that c x (A) = 1. 

rp _i_ rp(X) rp(X) _i_ rp 

(Vl > Vl )> ((Vl )'> (^l )') /° r an ?/ irreducible L/K-module T x such 
that c x (A) = —1. 

M 1 = V x ~ +L for \E L° such that 2\ E L and M 2 , M 3 is one of the following 

pairs: 

(Vfi+L, Vu+l) for fx,u G L° such that 2ji, 2v ^ L and (A, /i, v) is an admissible 
triple modulo L. 

^Va+L-i Vv+l) f or A*, ^ G L° such that 2/x, 2v G L, ti\^h = — 1 (A, /U, z/) is an 
admissible triple modulo L. 

C^t+D / or E L° such that 2fi, 2v E L, tta,2^ = 1 an <^ (A, /i, ^) is an 

admissible triple modulo L such that c x (A) = 1. 
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(vf x,± , Vl x ' ± ), ((vf x '*)', (vf x,± )') /or any irreducible L/K-module T x such 
that c x (A) = —1. 

(vf x,± , V^ A) ' T ), ((vf™'*)', (vf x,T )') for any irreducible L/K-module T x such 
that c x (A) = 1. 

Next we identify the contragredient modules of the irreducible V^-modules 
[ADL]: 

Proposition 3.9. The irreducible V£ -modules and V\ + l for A G L° with 
2\ L are self dual. For A G L° with 2A G L, V^ +L are self dual if 2(A, A) is 
even, and (V^_ L )' = V^ +L if 2(\, A) is odd. Let x be a central character of L/K 
such that x( K ) = — 1, then the irreducible modules (V L X ' )' are isomorphic to 

T" ± 

(V L X ' )' respectively, where \' is a central character of L/K defined by x'( a ) — 
(-l)^x(a) for any a G Z(L/K). 

4 Semisimplicity of A(V^) 

Motivated by Proposition 3.5, we prove the semisimplicity of A{V^) for any 
positive definite even lattice L in this section. In the case that the rank of L is 1, 
this result has previously been obtained in [DN2]. The semisimplicity of A(V^) 
enables us to establish that if the two V^-modules have the same lowest weight 
then the extension of one module by the other is always trivial. 

First recall that the irreducible A (V^)- modules are the top levels W(0) of 
irreducible admissible V^-modules W. So by Theorem 3.2 (also see [DN2]), we 
have 

Lemma 4.1. The irreducible A{V^) -modules are given as follows: 

V+(0) = CI, VT(0) = f)(-l) 0(0 aei2 C(e" - e"")), 
^ + L(O) = aGA(Ai) Ce A ^ (2A^L), 

Vi +L (0) = 2~2aeA(\i) ± ^ +a ) (2A, G L), 

lf x ' + (0) = T x , Vf x '"(0) = [)(-1/2)®T X , 

where L 2 = {a G L\(a,a) = 2}, fj(-l) = {h(-l)l\h G f)} C M(l) and 
d(-l/2) = {fc(-l/2)l|fcG(|}cAf(l)(fl). ' 

Let {/ii, • • • , be an orthonormal basis of f). Recall from [DN2] and [AD] 
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the following vectors in V£ for a, b = 1, • • • , d and a E L 
S ab (m,n) = h a (-m)h b (-n), 

E u ab = 55„ 6 (1, 2) + 25506(1, 3) + 36S a6 (l, 4) + 16S a6 (l, 5) (a ^ 6), 

£ 6 " a = 5 a6 (l, 1) + 14^(1, 2) + 415 afc (l, 3) + 44^(1, 4) + 16^(1, 5) (a ^ 6), 

ZT'll 771M T7IU 

-^aa — ^ab^bai 

El b = -16(3^(1, 2) + 14^(1, 3) + 19^(1,4) + 8S ab (l, 5)) (a ^ 6), 
£* a = -16(5^(1, 2) + 18S a6 (l, 3) + 2LS a6 (l, 4) + 8^(1, 5)) (a^b), 

rpt rpt rpt 

^aa — ^ab^bai 

Kb = 45S a6 (l, 2) + 190^(1, 3) + 240^(1, 4) + 965^(1, 5), 
E a = e a + e~ a . 

For v G V^, we denote v + 0(V^) by [v]. Let A" and A 1 be the linear subspace 
of A(M(1)+) spanned by E u ah + <3(M(1)+) and £* 6 + 0(M(1)+) respectively for 
1 < a, b < d. Then A 1 and A" are two sided ideals of A(M(l) + ). Note that the 
natural algebra homomorphism from A(M(1) + ) to A(V£) gives embedding of A u 
and A 1 into ^(V 7 ^). We should remark that the A u and A 1 are independent of 
the choice of the orthonormal basis {hi, • • • ,hd}- 
By Lemma 7.3 of [AD] we know that 

^(o) = ^(-i)0(£c[£>(-i)), 

where L 2 = {a G L|(a,a) = 2}. Let L 2 = {±«i, • • • , ±a r , ±a r +i, • • • ,±a r+ i} 
be such that {«!,••• ,a r } are linearly independent and {a r+1 , • • • ,a r+ i} C 
0[ =1 Z + o;j. We can choose the orthonormal basis {hi\ i = 1, • • • ,d} so that 
hi G C«i + • • • + Cctj, for i = 1, • • • , r. Then we have 

tti(-l) = auhi(-l) H h ajj/ij(-l), % = 1, • • • , r, 

Q!j(— 1) = %i^i(-l) H h % r /i r (-l), j = r + 1, • • • ,r + /, 

where 7^ 0, i = 1, • • • , r. For ? G {1, 2, • • • , /}, let ki be such that 

We know from [AD] that e* = h^-l) for % = 1, • • • , d and e d+J ' = [E^o^-l) 
for j = 1, • • • , r + Z form a basis of V2~(0). We first construct a two-sided ideal of 
A{V^) isomorphic to End(V z f(0)). Recall Ef^ for i, j = 1, ■ ■ ■ ,d. We now extend 
the definition of E^ to all 2, j = 1, • • • , d + r + I and the linear span of E^ 
will be the ideal of A(V^) isomorphic to EndV^ (0) (with respect to the basis 
{e\... ,e d +r+ 1 }). 

For the notational convenience, we also write Ef- for Ef- from now on. Define 

\ E l^ = Ac(r\ ^ Vn ^ * < = 1, • * • , r, j = 1, • • • , d, 
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3 

Define 



[ E ld+r+i] = J7 [Ej,ki * Ear+ % 1 = !» • • • > h3 = 1, • • • , d. 



W = E ^[^l * W < = 1, • • • , r + Z, j = 1, • • • , d, 



fc=i 

where = 0, for 1 < i < j < r. Recall from [DN2] and [AD] that [E% b ]h c (-1) = 
8c,bK(-l) for a, 6, c = 1, • • • , d. 

Lemma 4.2. The following holds: 

[E%]e k = 5 ktj e\ [E u st \e k = 5 t , k e s 
for i, t — 1, • • • , d, j, s — d + 1, • • • , d + r + I and k — 1, • • • , d + r + I. 

Proof: Let ft G f) such that (h,h) ^ 0. Then ooh = 2( - fe 1 fe - ) ft(— l) 2 is a Virasoro 
element with central charge 1. Note that uih(3(— 1) = ^j^h(—l) for any /3 e f). 
For a G L 2 then [£ a ] * [E a ] = 4e(a, a)[w Q ] in A(V£") by Proposition 4.9 of [AD]. 
Then for i = 1, • • • , d, j — 1, • • • , r, we have 

= 7T-^T-([^] * [^1 * [^])%(-l) 

= -±-[E%]a j (-l) = h i {-l). 

Let k E {1, • • • , r + 1} such that ^ j. Then 

[^ + > d+fe = [^]([^]« fe (-l)) 

-([K-] * [E°»\ * [E««])a k {-1). 



By Proposition 5.4 of [AD], we have 

[E aj ] * [E ak ] = J2[v p ] * [E a i +ak ] * [w p ] + * [E aj ~ ak \ * [y q ], 

P Q 

where v p ,w p ,x q ,y q E M(l)+. Since A u is an ideal of A(M(1) + ), we have [££] * 
[v p ], [Efy * [x q ] E A u . By the proof of Proposition 7.2 of [AD], we know that 
A u [E a ]a(— 1) = 0, for any a E L2. So by Lemma 7.1 and Proposition 7.2 of 
[AD], we have 

[Et d+ M d+k = 0, % = 1, • • • ,d, j = 1, • • • ,r, k = 1, • • • ,r + l,j ^ k. 
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It follows from the proof of Proposition 7.2 of [AD] that 

El j+d e s = [E%] * [E°*]h.(-1) = 

for s = 1, • • • , d as [E a ']h a (-1) E Ep=i C[e a p - e _a ']. This completes the proof 
for Ef j +d for i = 1, • • • , d, j = 1, • • • , r. The other cases can be done similarly. □ 
Recall H a and oo a = Uh a for a = 1, • • • , d from [DN2] and [AD]. The following 
lemma collects some formulas from Propositions 4.5, 4.6, 4.8 and 4.9 of [AD]. 

Lemma 4.3. For any indices a, b, c, d, 

[va]*m=5 ab [E&, (4.1) 

[El] * M = 5 ac [E u bc \. (4.2) 

[E u ab \ * = [ElA * [^] = 0, (4.3) 

M * [^] = [A ab ] * [i£J = * [A a6 ] = [EtJ * [A a6 ] = (a ^ b). (4.4) 

For distinct a, 6, c, 

(70[if a ] + 1188K] 2 - 585K] + 27) * [H a ] = 0, (4.5) 

(M - 1) * (["«] - y^) * (K] - ^) * [H a ] = 0, (4.6) 

- \[H a ] + \m = 2[E: a ] - 2[E- b ] + \[El a ] - \[EH (4.7) 
4 : (2[w a ] + 13) * [H a \ + 4f( 2 N + 13 ) * ^ 



135 " 135 (4g) 

= 4(KJ-M) + ^([^J-[^]), 

M * [// a ] = ~([ W J - 1) * [H a ] + 1([ W6 ] - 1) * [# b ], (4.9) 

[A a6 ] 2 = 4[ Wa ] * N - ±([lf a ] + [tf b ]) - ([££] + M) - \{[EU + (4.10) 

[A a6 ]*[A 6c ] = 2M*[A ac ]. (4.11) 
For a <E L such that (a, a) = 2k ^ 2, 

k] - f[w a ] - f[w a ] - ^ [£ Q ] = 0. (4.13) 



4/ V 16/ V 16, 

//a e L 2 , 

[E a ]*[E a }=4e(a,a)[u a }, (4.14) 

[if a ] * [E a ] + [E a ] * [H a ] = -12[u> a ] * ([u a ] - ]) * [E% (4.15) 



4 

16/ V " 16 



(k] - 1) * ( k] - 7 ) * ( M - 77 ) * ( W " 77 ) * [^1 = 0- ( 4 - 16 ) 
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For any a £ L, 

I 1 * [E a ] = [E a ] * I\ (4.17) 
where l l is the identity of the simple algebra A 1 . 
Lemma 4.4. For any a G L 2 , we have 

A u * [E a ] * A u = 0. 

Proof: Let a G L 2 and {hi, • • • , hd} be an orthonormal basis of f) such that 
hi G Ca. (A u is independent of the choice of orthonormal basis.) By (4.1)- (4. 2) 
and (4.16), we have [E a ] = /([wj) * [E a ] = [E a ] * f([u} a ]) for some polynomial 
f(x) with /(0) = 0. Note that u a = u>i. By (4.1)-(4.2), we only need to prove 
that 

[El] * [E"\ * [El] = 0, i,a = l,2,...,d. 

Let a = 1, 6 ^ 1 in (4.9). Multiplying (4.9) by [££*] on left and using (4.2) and 
(4.3), we have 

[Ea] * = 0, 6^1. 
Then setting a = 1, & 7^ 1 in (4.7) and multiplying (4.7) by [E^] on left yields 

* [ifx] = -9[^]. 

Let a — 1, 6 7^ 1 in (4.10). Multiplying (4.10) by [El] on right and using (4.1) 
and (4.4), we have 

~m * - lm * [ei] = [eu 

On the other hand, multiplying (4.7) by [El] on right yields 

* [Eft + ±[H b ] *[£%.] = [£%.]. 
Comparing the above two formulas, we have 

[Hi] * [El] = -9[El], [H a ] * [El] = 0, a ? 1. 

So 

[Ea] * [Hi] * [E a ] * [El] + [El] * [E a ] * [HJ * [E u u ] = -lS^i] * [^1 * 
But by (4.1)-(4.2) and (4.15) we have 

[^] * [ffx] * * [^,] + * [E a ] * [ffi] * [El] = -9[El] * * [El]. 
This implies that [El] * [E a ] * [El] = 0, as required. □ 
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We now define Efj for all i, j = 1, • • • ,d + r + /. Set 

[E u d+hd+J ] = [E u d+hl ] * [El d+j ], i,j = l,...,r + l. 

It is easy to see that [E^.,] * [E? >d+j ] = [E% +ijk ] * [E^ d+j ], k = 2, • • • , d. 
Denote by A\ the subalgebra of A(V^~) generated by 

mi [E u d+Ptj ], [EM\i,j = 1, • • • , d, p = 1, • • • , r + I}. 

From Lemma 4.4, (4.14) and the definition of [Efj], i, j — 1, • • • , d + r + 1, we can 
easily deduce the following result. 

Lemma 4.5. A U L is a matrix algebra overC with basis {[Efj]\i, j = 1, • • • , d+r+l} 
such that 

[El\ * [E u ks ] = 6 jtk [E? 8 ], [El\e k = 8 iJk e\ », j, k, s = 1, 2, • • • , d + r + I. 
Lemma 4.6. Let a G L be such that a L 2 , then 

[E a \ * A u = 0. 

Proof: Let {hi, ■ ■ ■ , h d } be an orthonormal basis of \) such that h\ G Ca. If 
| or | 2 = 2k and k ^ 4, the lemma follows from (4.1)-(4.2) and (4.13). 
If \a\ 2 = 8, by (4.1)-(4.2) and (4.13) we have 

[E U J * [E«] = [E"\ * [El] = 0, 

for all 1 < a, b < d and b^l. By (4.1) and (4.12), we have 

[E u al ] * [H x \ * [E a ] = 0. (4.18) 

On the other hand, for a ^ 1, by (4.7)-(4.8) and (4.3), we have 

-\[E u al ] * ([H a ] - m) * [E*\ = -2[E u al ] * [E% 

^\E u al \ * (-13[H a \ + 15m) * [E a ] = -4K] * [E% 
Therefore by (4.18), we have 

l[^]*[Ba]*[E a ] = [EZ 1 ]*[E°], a^l, 
^[E% 1 ]*[H a ]*[E"\ = [E&]*[E«\, a^l. 

This means that 

[Eai] * [E a ] = 0. 
Since [H a ] * [E a ] = [E a ] * [H a ], we similarly have 

[E a \ * [EU = 0. 

This completes the proof. □ 
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Lemma 4.7. A U L is an ideal of A(V£). 

Proof: By Proposition 5.4 of [AD], (4.3), (4.17) and Lemmas 4.4-4.6, it is enough 
to prove that [E ai ] * [EJ k ], [EJ k ] * [E<»] G A" L , j, k = 1, • • • , d, i = 1, • • • , r + I. 

Let a G L 2 . For convenience, let = 0, for 1 < i < j < r and kt = i for 

d 

1 < i < r. Since 1) = X] a ikh k (—l), we have 

fc=i 

1 d 1 

= 4 E ^fcM -1 ) 2 + 4 <Wi p (-l)/i ? (-l). 

fc=l pt^q 

Recall from [AD] that 

1)] = [E U J + [El] + [A a6 ] + l -[El b \ + \\Etl a ± b. 
So from (4.3) and (4.4) we have 

[El] * K] = + 5 E J,k = l,--- ,d, z = l,--- ,r + l. 

Then it can easily be deduced that 

(a ik [EJ k .] - a iki [EJ k ]) * [u ai ] = 0, j, k = 1, • • • , d, % = 1, • • • , r + I. 
Then by (4.16), we have 

(a ik [EJ ki ] - a lki [EJ k ]) * [E ai ] = 0, j, k = 1, • • • , d, i = 1, • • • , r + I. 
So [EJ k ] * [E a >] G A U L , for all j, k = 1, • • • , d, % = 1, • • • , r + /. Similarly, we have 

[E ai ] *[E] k ] = 0, fc = l,..-,d, i = l,.-.,r + Z, j = r + l, •••,<*, 

[e-] * Ea tt ^.] = * e^.], 

6=1 6=1 

for j — 1, • • • , d, k — 1, • • • , r, i = 1, • • • , r + /. Since both {cci, • • • , a r } and 
{hi, • • • , are linearly independent, it follows that for each i — 1, • • • , r, j = 
1, • • • , d, [Efj] is a linear combination of on^-], [a 2 \Eij + a 2 2-E^-], • • • , [a rl E^- + 
• • • + a rr £^.]. Therefore [E a >] * [EJ k ] G A% j, k = 1, • • • , d, i = 1, • • • , r + I. □ 

For 7^ ct G L, let {/ii, • • • , /i^} be an orthonormal basis of f) such that 
foi G Ca. Define 

[SJ = 2^ 2 -\[P] * [£«] - ^^Ii] * M). 

and [B ] = [/*] (see formula (6.5) of [AD]). 
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Lemma 4.8. For a G L, [EjA G A 1 , [B a ] * [EjA = [EjA * [B a \. 
Proof: It is enough to prove that 

[B a ] * [EjA = [E%] * [B a ], 
for % — 1 or j — 1. By the definition of [E^ b ] and the fact that 

[/*] * [E a ] = [E a ] * [/*] 

and 

[/*] * [A a6 ] = [/*] * [E u ab ] = 0, a ^ 6, 

we have 

[SJ * = [S a ] * (-[S ab (l, 1)] - 2[S ab (l, 2)]), 
[Kb] * P«] = (-[5.6(1, 1)] - 2[S ab (l, 2)]) * [B a \. 
Let 6 7^ 1. Similar to the proof of Lemma 7.5 of [AD], we have 

(2|«| 2 - 1)([EU + 3[E« b ] + [A 16 ]) * [E a ] + [£ Q ] * {[E\ b ] + 3^] + [An]) 
= -([EL] - [E u lb \ + [A lb ]) * [E a ] - (2|af - l)[E«] * ([i&] - [E u lb \ + [A 16 ]) 



So we have 



(2M 2 - l)(^[E\ b ] * m + M * [A lb ] * [E°>\) 

+^[E a }*[El b } + [E"} *M*[A 16 ] 
= ^i]*[S a ] + M*[A 16 ]*[S°] 

-(2|of - 1)(^[£ Q ] * [i&] + [£"] * N * [A 16 ]). 



{2\a\ 2 -l)[E t lb ]*[E a ] = -[E a ]*[E t li ]+x 1 



where i6^ + CN* [E a ] + C [£ a ] * [A 16 ] + C [u b ] * [A lb ] * [E a ] + C [E a ] * [A lb ] * [u b ] . 
Since y * x = for any y G A*, we have 

[£«] * [E\ b ] 

= 2I-I 2 " 1 (-(2|«| 2 - l)[E[ b ] * [£«] + 2|a| 2 [^ 1 ] * [^J * [£«]) 
= 2\«\ 2 -\E\ b \*[E<»\ = [E\ b \*[B a \. 

Similarly, 

[B a ]*[E t bl ] = [E t bl ]*[B a l 
completing the proof. □ 
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Lemma 4.9. A l L is an ideal of A(V£) and A l L = A 1 ® C C[L/K]/J, where C[L/K] 
is the group algebra of L/K and J is the ideal ofC[L/K] generated by kK + 1. 

Proof: By Proposition 5.4 of [AD] and Lemmas 4.7-4.8, it is easy to check that 
A\ is an ideal of A{V^). Similar to the proof of Proposition 7.6 of [AD], we have 

[B a \*[Bp\ = e{a,P)[B a +fi\, 

for a, (3 G L where e(a, ft) is understood to be ±1 by identifying k with —1. Then 
the lemma follows from Proposition 7.6 of [AD] and Lemma 4.8. □ 

It is clear that A\ D A\ — 0. Let 

A(Vt) = A(V+)/(Al®A t L ), 
and for x G A{V^), we still denote the image of x in A(V^) by x. 
Lemma 4.10. In A(V^), we have 

[H a ] = [H b ], l<a,b<d, (4.19) 

(Kl -^)*[H a ] = 0, 1 < a < d, (4.20) 
16 

^[H a ]*^[H a ] = ^[H a ], l<a<d, (4.21) 

[A ab ] * [H c \ = 0, 1 < a, b, c < d, a^b. (4.22) 

Proof: (4.19) follows from (4.7) and (4.20) follows from (4.8) and (4.9). Then 
from (4.5) we can get (4.21). By (4.10), we have 

[A ah ] 2 * [H c ] = 0, a + b. 

If d > 3, then by (4.19) we can let c ^ a, c ^ b. So by (4.11) and (4.20), 

[A a6 ] * [H c \ = 16[A a6 ] * [u c ] * [H c \ 
= 8[A ac ] * [A c6 ] * [H c ] = 128[A ac ] * [A c6 ] * [u a ] * [H a ] 
= 64[A ac ] * [A ca ] * [A a6 ] * [H a ] = 0. 

If d = 2. Notice that [A a6 ] = [S ab (l, 1)]. By Remark 4.1.1 of [DN2] and the fact 
that [u a * S a b(m,n)} = [S a b{m,n) * u a ] in A(y£) for m,n> 1, we have 

[S ab (m + 1, n)\ + [S ab (m, n)\ = 0. (4.23) 

By the proof of Lemma 6.1.2 of [DN2], we know that 

[H a ] = -9[S««(1,3)] - y[S aa (l,2)] + ±[S aa (l, 1)]. (4.24) 
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Direct calculation yields 

[S ab (h 1)] * [-Ml, 3)] = h b (-l)h a (-3)h a (-l) 2 , 

[S ab (l, 1)] * [S aa (l, 2)] = h b (-l)h a (-2)h a (-l) 2 , 

[S ab (l, 1)] * [S aa (l, 1)] = /i b (-l)/i (-l)/i (-l) 2 . 

Here we have used (4.23). Then (4.22) immediately follows from Lemma 4.2.1 of 
[DN2], (4.23) and (4.24). The proof is complete. □ 

For a G L, let {h 1: • • • ,h d } be an orthonormal basis of f) such that 
hi G Ca. Define 

[B a ] = * [E«\. 

We also set [B ] = ^ [#i]. 

Lemma 4.11. The subalgebra Ah of A{V^) spanned by [B a ], a G L is an ideal 
of A(V+) isomorphic to C[L/K]/J. 

Let 

A(v+) = A(y+)/A H . 

Lemma 4.12. Any A(V^) -module is completely reducible. That is, A(V^) is a 
semisimple associative algebra. 

Proof: Let M be an A(V^~)-module. For a G L, by [DN2] M is a direct sum of 
irreducible A (V% a )- modules. Following the proof of Lemma 6.1 of [AD] one can 
prove that the image of any vector from M(l) + in A(V£) is semisimple on M. 
By Table 1 of [AD], we can assume that 

M= M x , 

Aefj/(±i) 

where M A = {w G M\ [\h(-l) 2 l]w = \{\,h) 2 w,h G I)}. So u a w = l(X,h a ) 2 w, 
for w G M x . By (4.10) and (4.11), we have 

A ab w = (X,h a )(X,h b )w, 

for a ^ b, w G M x . For any u G M A , A ^ 0, set M(u) = £ C[£ a ]w. By (4.12)- 

(4.13) and (4.15)-(4.17), if [E a ]u ^ 0, then a G A(A) or -a G A(A), where 
A(A) = {a G L\ \\ + a\ 2 = |A| 2 }. So 

M(u) = 

aeA(A) 

Since L is positive-definite, there are finitely many a G L which belong to A (A). 
Thus M(u) is finite-dimensional. Similar to the proof of Lemma 6.4 of [AD], 
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we can deduce that A ab M(u) C M(u), co a M(u) C M(-u). By Proposition 5.4 of 
[AD], [E a ] * [E@] = [x] * [E a+ P] for some x G M(l) + . We deduce that M(u) 
is an A(V^)-submodule of M. Suppose [E a ]u ^ 0, for some a G A(A). If 
(a, a) = 2, then by (4.14), we have ^ [E a ][E a ]u G Cm. If (a, a) = 2k ^ 2. 
Let {/ii, • • • , /id} be an orthonormal basis of f) such that hi G Ccc By the fact 
that [#i] = [Ji] + [wi] - 4[w?] = and (4.13) we know that [w^u = \u. Then by 
Lemma 5.5 of [DN2], we have 

m\E«\u = j^(k 2 - l)(k 2 - 2 2 ) • • • (k 2 — (k — lf)u ± 0. 

Therefore M(u) is irreducible. We prove that M is a direct sum of finite- 
dimensional irreducible A(V z ^ l ")-modules. □ 

Theorem 4.13. A(V£) is a finite dimensional semisimple associative algebra. 

Proof: Clearly A(V^) is finite dimensional. By Lemmas 4.5, 4.7, 4.9 we know 
that AlQAl is a semisimple ideal of A(V£)- Thus A(V£) is semisimple if and only 
if A{V^) = A(y£) / (Al® A l L ) is semisimple. By Lemma 4.11, Ah is a semisimple 
ideal of A(V£). So A(V£) is semisimple if and only if A(V£) = A(V^)/A H is 
semisimple. The result now follows from Lemma 4.12. □ 



5 Rationality of V£ when L has an orthogonal 
base 

In this section we assume that L has an orthogonal base 1 < i < d} in the 
sense that f3j) = 0, for i ^ j. Then we have L = ®f =1 Z/% and this induces 
the relations 

between vertex operator algebras. By Theorems 3.4 and 2.6, ®f =l V^_ is a rational 
vertex operator subalgebra of V£ • This is a crucial fact in our discussion of 
rationality of V£ in this section. 
The following lemma is trivial: 

Lemma 5.1. The vertex operator algebras ®i = ^V-L^ and V^d Z p, are isomorphic. 

By Lemma 5.1, a V^d Z/3 -module V^d %p. +c .p. can be viewed as a (Sf^Vzfc- 
module, and is isomorphic to ®i = ^V%p i +c i fi i - On the other hand, by Theorem 
2.6 and Theorem 3.4, ®f =l V^p_ is rational, then any admissible V^-module is 
completely reducible as an admissible ®f =1 V^.-module. Thus we may decompose 
all the irreducible V^-modules as a direct sum of irreducible <8>f =1 V^ -modules. 
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Lemma 5.2. The following are ®f =l V^_-module isomorphisms. 

(1) V£ is isomorphic to a direct sum of 

Vik ® • • • ® 

with sign Cj = {±}, 1 < i < d such that the number of i with q = — is even. 

(2) V£ is isomorphic to a direct sum of 

vik ® • • • ® vn 

with sign 6j = {±}, 1 < % < d such that the number of i with q = — is odd. 

(3) V X]+L for Xj = hfc + ■■■ + k d f3 d G L°/L, k u ■ ■ • , k d G C and 2\ $ L is 
isomorphic to 

Vm+kiPi ® • • • ® V Z p d+kd p d , 
where V m+kA = Y^. +k . fi . for i such that 2hfc e 

v x +l f° r \ = k\fi\ H 1" G L °/ L , h, ■ ■ ■ , k d e C and 2Aj E L is 

isomorphic to a direct sum of 

with sign = {±}, 1 < % < snc/i that the number of i with ei = — is even. 

( 5) f or = kifii + • • • + k d Pd, hi, • ■ • ,kd G C and 2\j E L is isomorphic 
to a direct sum of 

with sign q = {±}, 1 < i < d such that the number of i with q = — is odd. 

(6) {Vi x ) + is isomorphic to a direct sum of 

{v^T ® ■ ■ ■ ® {v^T 

with signs G {±}, i — 1, • • • ,d such that the number of i with €i = — is even. 

(7) (V L X )~ is isomorphic to a direct sum of 

with signs q G {±}, i — 1, • • • , d such that the number of i with q = — is odd. 

Proof: (1) By Lemma 5.1, we have Vj, = ®f =1 l^^ and the corresponding 6 is 
changed to 9± <S> ■ ■ ■ <S> d , where 6i is the restriction of 6 to Vzp v then V£ is iso- 
morphic to (®f =1 V Z/ g i ) + as ®f =1 V^.-modules. The decomposition of (<H'f = i^ / 9 i ) + 
into direct sum of irreducible ®f =1 V^.-modules is now obvious. 

The proof of (2) is similar to that of (1). (3) is obvious. For (4), note that 

V\ j+ L = Vzj3 1+kll3l (g) • • • ® Vzp d+kd p d . 



24 



Since 2\j G L and {j3±, • • • , /3d} is a basis of L, it follows that 2fcj/% G Z/3j and 
Vzft+Mi = ^zft-fc.ft, for i = 1, 2, • • • , d. The decomposition then follows easily. 
The proof of (5) is similar. 

Now we consider the last two cases. Note that (a, (3) G 2Z for all a, j3 G L. 
From the discussion given in Section 3 (before Theorem 3.1) we see that 

(6) and (7) follows immediately. □ 
By Lemma 4.1 we have: 

Lemma 5.3. The lowest weights of irreducible V£ -modules are given by 



v L + 








{v T L x T 







1 


{Xi,Xi) 
2 


2 


d 

16 


d+8 
16 



where 2\ L, 2{ij G L and /ij ^ 0. 

From Lemma 5.3, Theorem 3.3, Proposition 3.5 and Theorem 4.13, we get 
the following result: 

Lemma 5.4. Exty+(N, M) = for the following irreducible V£ -module pairs 
(M,N): 

(M, N) = (M, M) (i.e. M = N), (V± +L , V? j+L ), X, ? 0, 

((v^r, {vl xj )% ((v^r, (v^)±). 

Furthermore, we have: 
Lemma 5.5. The extension groups Ext] + (V^, V^) = 0. 

L 

Proof: By Theorem 2.9 and Proposition 3.9, we only need to prove 

We consider an exact sequence 

->■ V L ->■ M ->■ V+ ->■ 

for a weak V^-module M. By the rationality of <8>f=iV^., there exists a ®f =1 V^- 
submodule M 1 of M such that M 1 = V£ as ®f =1 ^-modules. Since ®f =l V^, 
and V^ 1- have the same Virasoro element, then there is a vector u in M 1 such 
that L(— l)w = and L(0)u = 0, this implies that u generates a V^-submodule 
isomorphic to V£, then we have M = V£~ V£" and Ext^+{V£ , V£) = 0. □ 

We next prove Ext l y+ (M 2 , M l ) = for the remaining pairs (M 1 , M 2 ). 
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Lemma 5.6. The extension groups Ext^ + (M 2 , M 1 ) = for the following pairs 
iM-.M' 2 ): 

(M\ M 2 ) = (V Xi+L: V Xj+L ) \i ? Aj, (V Xi+L , V± +L ), (y± +L , v Xj+L ), 

(Vx i+L , v x %), (V± +L , V? j+L ), \i ? Xj, 
((v?) ± ,^)» ((^ Tx ) T ,vJ +L ), (^(vf*)*), (V X %,(V?)±), 
(^ + l,(V^) ± ), ((V^^.^+l). 
Proof: Let (M 1 , M 2 ) be one of the following pairs 

((V^VJ+l). ((V^)=f,^ +l ), (^(^n, (^ + „(^) ± ), 

(^A i+ L,(V^) ± ), ((Vj^)*,^). 

Let C/ = <8>i=iV^.. Then by Theor em 2.6 and Theorem 3.4, U is rational. It is 
obvious that U has the same Virasoro element with V. Then by Lemma 2.11, it 
is enough to show that 

Iu ( NN 2 ) = ° 

for any irreducible [7-submodules N 1 , N, N 2 of M 1 , V^, M 2 , respectively. By (1)- 
(2) and (6)-(7) of Lemma 5.2, we know that there is exactly one N l that has the 
form 

iy^r®---®iy^ d r. 

Then by Theorem 3.7 (2) and Theorem 2.8, the fusion rule of type 



for the vertex operator algebra U = ®f=iV^. is zero. Thus Ext^ + (M 2 , M l ) = 0. 

Consider the pair (M 1 , M 2 ) = (V Xi+L , V Xj+L ), where \ t = fc^i + • • • + k d /3 d , 
Xj = liPi + • • • + Idfid such that Aj ^ Xj and 2Aj, 2Aj ^ L. Without loss of 
generality, we may assume that k\ ^ l\. By (3) of Lemma 5.2, we have 

V Xi+L = Vz^+fc^i <8> • • • <8> Vzp d+ k d i3 d , 

V \j+L = V m+h/3l (g) • • • <g) Vz /9d+/d/9d . 
Note that Vz/^+rv/j,. is an irreducible Vz^-module if 2n r /3 r £ Z/3 r and Vzp r+rir p r = 
r +rirP r © Vzp r +n r p r * s a sum °^ ^ wo irreducible V%p r - modules if 2n r /3 r G Z/3 r . 
Let TV 1 , TV, TV 2 be any irreducible ?7-sub modules of M 1 , V^,M 2 , respectively. It 
follows immediately from Theorem 3.7 (2) and Theorem 2.8 that 

( NN> ) = °- 
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So by Lemma 2.11, Ext y+ (M 2 , M 1 ) = in this case. 

If (M\M 2 ) = (V Xi+ lv± +L ), (V± +L: V Xj+L ), where 2\ t £ L, 2A, G L, by 
Proposition 3.9 and Theorem 2.9, we only need to consider the pairs (M 1 , M 2 ) = 
( V \j+Li v M+l)- Let Xj = hPi + • • • + k d (3 d and A; = hf3 1 + • • • + l d (3 d . Then 
2kif3i G 7ij3i, for i = 1,2, ••• ,d. Since 2Aj ^ L, it follows that there exists 
1 < s < d such that 2l s /3 s $ Z/3 S . By (3)-(5) of Lemma 5.2, 

V\i+L = V Z p 1+ll/3l (g) • • • ® V Z(3d+id/3d , 

where V^ r+Wr = V^ +Jrj8r © if 2l r (5 r G Zft. Let iV^iV 2 be any 

irreducible t/-submodules of M 1 , V£ ', M 2 , respectively. Then iV 1 has the form: 

We know from Theorem 3.7 (2) and Theorem 2.8 that 

Iu ( N^N 2 ) = °" 
Again by Lemma 2.11, we have Ext^ + (M 2 , M 1 ) = 0. 

L 

Finally we deal with the pairs (M 1 , M 2 ): 

(V X %,V± +L ), (V± +L ,V? j+L ), Xi ^ Xj. 

Since Aj 7^ Aj, it follows that there exists 1 < s < d such that k s 7^ Z s . Let 

Xi = + ■■■ + k d /3 d and Xj = + ■■■ + l d d . Then 2h/3 i: 21^ G for 
i = 1, 2, • • • , d. Let A/ 1 , A/", N 2 be any irreducible t/-submodules of M 1 , M 2 , 
respectively. By (3)-(4) of Lemma 5.2, A^ 1 and A^ 2 have the form: 

and 

V Zfii+hpi ® ' ' ' ® V z# d +i d p d 
respectively. By Theorem 3.7 (2) and Theorem 2.8, 

/c/ ( aV ) = °" 

This implies that Ext] + (M 2 , M 1 ) = 0. The proof is complete. □ 

L 

We are now in a position to state the main result of this section. 

Theorem 5.7. Let L be a positive definite even lattice with an orthogonal base, 
then V£ is rational. 

Proof: The theorem follows from Lammas 5.4-5.6 and Theorem 2.10. □ 
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6 Rationality of '■ general case 

We are now in a position to deal with V£ for any positive definite even lattice L 
by using the rationality result obtained in Section 5. 

Note that L has a sublattice L\ = 0f =1 of the same rank, where 1 < 
i < d} is an orthogonal subset in L in the sense that (flu ft j) = 0, % ^ j. This 
induces an embedding 

K = <y< Bt=lZfk ) + <zv+ 

of vertex operator algebras. Let {7 S } be a set of representatives of L/L\. In Sec- 
tion 5, we prove that V£ is rational. Then we can decompose all the irreducible 
V^-modules as a direct sum of irreducible V^-modules. Specifically, we have 

Lemma 6.1. (1) V£ is isomorphic to a direct sum of 

V+ +Li ,(2^ s eL 1 ),V ls+Ll ,(2^ s ^L 1 ) 

(one of the two irreducible modules may not exist in the direct sum). 

(2) V£~ is isomorphic to a direct sum of 

K Y ; +il ,(2 7s eL 1 ),y Ts+Ll ,(2 7s ^L 1 ) 

(one of the two irreducible modules may not exist in the direct sum). 

(3) V\ j+ L f or G L) is isomorphic to a direct sum of 

K j+ ^ +Ll (2(A, + 7s) G L,), \/ Aj+7s+Ll (2(A, + 7s ) £ U) 

(one of the two irreducible modules may not exist in the direct sum). 

(4) V\j+L f or G L) is isomorphic to a direct sum of 

Vx j+ls+Ll (2(A,- + 7s ) e L,), V X]+ls+Ll (2(\j + 7s ) i Lx) 

(one of the two irreducible modules may not exist in the direct sum). 

(5) V\j+L for (2Aj ^ L) is isomorphic to a direct sum of 

(6) (V L X ) + is isomorphic to a direct sum of irreducible -modules 

(v£") + 

for some irreducible Li/ Ki-module T Xi with central character Xi such that Xi( K ) — 
— 1, where Ki = {9(a)a~ 1 \a G L{\ and L x = {a G L\a G L{\. 

(7) (V L X ) is isomorphic to a direct sum of 

for some irreducible L 1 / ' Ki-module T Xi with central character Xi such that Xi{ K ) — 
-1. 
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Proof: (l)-(4) are obvious. (5) is immediate by noting that 2(Aj + 7 S ) ^ L\ as 
Li is a sublattice of L. Now we prove (6)- (7). Let L x = {a e L\a E L{\ and 
Ki = {8(a)a^ 1 \a e Li}. Then L x is an abelian group isomorphic to Li x (k,) and 
i^! is isomorphic to 2L\. As a result, Li/K 1 is isomorphic to Li/2Li x (/t). Since 
L i /K 1 is a subgroup of L/Ki, T x is a direct sum of one-dimensional irreducible 
L/i^-modules T Xi such that k acts as —1. Since f) = C ®z -^i = C Cg>z we see 
that 

V? = M(l)(9) ® T x = M(1)(0) ® T Xi = v£*. 

i i 

That is, V£ x is a direct sum of irreducible ^-twisted Vz^-modules V L ** . (6)-(7) 
are evident now. □ 
By Lemma 5.3, Theorem 3.3, Proposition 3.5 and Theorem 4.13, we have the 
following result similar to Lemma 5.4. 

Lemma 6.2. The extension groups Exty + (N, M) = for the following irre- 
ducible V£ -module pairs (M, N), 

(M, M) (i.e M — N), (V x %, V* +L ), A, + 0, 

((vf x o T , (vi xj n ((v^r, (v^n 

Note that V£ and have the same Virasoro element. An analogue of 
Lemma 5.5 with the same proof is the following: 

Lemma 6.3. The extension groups Exty + (V^,V^) = 0. 

For the remaining pairs (M 1 , M 2 ), we also have the following result: 

Lemma 6.4. Exty+(M 2 , M l ) = for the following irreducible V£ -module pairs 
(M 1 , M 2 ): 

(M\ M 2 ) = (V Xi+L , V Xj+L ) Aj ^ A,-, (V Xi+L , V x %), (V± +L , V Xj+L ), 

(Vx i+ L, V x %), (V± +L , V? j+L ), \i ? X j7 
((V?)*,^), ((Vl x V,V x %), {V* +L ,{Vl*)% (V± +l ,(V^)±), 
{Vx i+L ,{V^)% ((V^)±,V Xt+L ). 
Proof: Let (M 1 , M 2 ) be one of the following pairs: 

((v?r,v x %), ((v?r,v± +L ), (v? j+L ,(v?n (v x %,(v^r), 

(V Xi+L ,(V?)±), ((V?)±,V Xi+L ). 
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By Theorem 5.7 and Lemma 2.11, it is enough to show that 

N 1 

NN* ) = 

for any irreducible Vj^-submodules iV^iV, iV 2 of M l , M 2 , respectively. By 
(6)-(7) of Lemma 6.1, there is exactly one N l which has the form 



(v^) + or (y£*)-. 



By Theorem 3.8, we have 



AT 1 

Iv h ( N N 2 



Now consider the pair (M 1 , M 2 ) = (V Xi+L , V Xj+L ) with 2A; £ L, 2 A, ^ L, A; ^ 
Xj. By the choice of {A fe |/c G L° / L} (see Section 3), we have L + A; ^ L + Aj. 
If L + A, = L — Xj, then by Lemma 5.3 V Xi+ L and V_^. + £, have the same lowest 
weight. By Proposition 3.5 and Theorem 4.13, Ext 1 + (M 2 ,M 1 ) = 0. So we now 

assume that L + Xi ^ L ± Xj. Let N 1 , N, N 2 be any irreducible V£ -sub modules 
of M 1 , V^ 1 ", M 2 , respectively. Then by (5) of Lemma 6.1, 

N l = y\ l +-is+L 1 , N 2 = V Xj+lr+Ll , 

for some 7 r ,7 s , where 2(Aj + 7 s ) L 1; 2(Aj +7 r ) ^ Li. By (1) of Lemma 6.1, iV is 
of the form V^ +Ll (2ji G L\) or V 7i+Ll (27; £ Li). We claim that (7;, Ai+7s, Xj+j r ) 
is not an admissible triple modulo L\. Otherwise, since 7 r , 7;, 7 S G L and Li C L, 
this forces Aj + Aj G L or Aj — Aj G L, a contradiction. Since (7/, A, + 7 S , Aj + 7 r ) 
is not an admissible triple modulo L 1? Theorem 3.8 asserts that 



l n x \ nn 2 ) = °- 

For the pairs (M 1 , M 2 ) = (V Xi+L , Vj +L ), (F± +L , V Xi+L ), where 2A, £ L, 
2Aj G L, by Proposition 3.9 and Theorem 2.9, we only need to consider the pairs 
(M 1 , M 2 ) = (V± +L ,V Xi+L ). Let iV 1 , iV, A^ 2 be any irreducible £/-submodules of 

.1/ 1 . 1 , . M 2 , respectively. Then by (3)-(5) of Lemma 6.1, N 2 = V Xi+lr+Ll , for 
some 7 r and A^ 1 is one of the following: 

V x % s+Ll (2(\j +ls) G Lx), n j+7s+Ll (2(A, + 7s ) £ Lx). 

By (1) of Lemma 6.1, N is of the form V+ +Li (2-fi G Li) or 1^+^(2^ i L x ). Note 
that (7;, Xj + 7 S , Aj + 7r) is not an admissible triple modulo L\. Otherwise, either 
Xi + Xj or Xi — Xj G L. In either case we conclude that 2Aj G L, a contradiction. 
Again by Theorem 3.8, 

J ^ ( iVAT 2 1 = °- 
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The proof for the remaining pairs (M 1 , M 2 ): 

( V\i+L ' V\j+L ) ' ( V\ i+ L > ^Xj+L ) 

is quite similar. We omit it. □ 

By Lemmas 6.2-6.4 and Theorem 2.10, together with Theorem 5.7, we have 
the following main result of the paper. 

Theorem 6.5. Let L be a positive definite even lattice. Then V£ is rational. 
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